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A measurement of the history of cosmic star formation is central to understand the origin and evolu-
tion of galaxies. The measurement is extremely challenging using electromagnetic radiation: significant
modeling is required to convert luminosity to mass, and to properly account for dust attenuation, for ex-
ample. Here we show how detections of gravitational waves from inspiraling binary black holes made by
proposed third-generation detectors can be used to measure the star formation rate of massive stars with
high precision up to redshifts of ∼10. Predicted detection rates are ∼ 15, 000 mergers per month. With
one month of observations, parameters describing the volumetric star formation rate can be constrained at
the few percent level, and the volumetric merger rate can be directly measured to 3% at z ∼ 2. Given a
parameterized star formation rate, the characteristic delay time between binary formation and merger can
be measured to ∼ 30%.
PACS numbers: 04.80.Nn, 95.55.Ym, 04.25.dg, 95.85.Sz, 97.80.–d
INTRODUCTION
The binary black holes (BBHs) detected by the ground-
based gravitational-wave (GW) detectors LIGO [1] and
Virgo [2] all merged in the local universe [3–9]. These
detections have allowed to measure the local merger rate
of BBHs at [12 − 213] Gpc−3yr−1 (90% credible inter-
val [7]). The current sensitivity of advanced detectors lim-
its to z∼0.3 the maximum redshift at which heavy BBH
such as GW150914 can be detected, while heavier objects
could be observed farther away [3–10].
As the LIGO and Virgo instruments progress toward
their design sensitivity [11], and the network of ground-
based detectors grows, it will be possible to detect BBH
at redshifts of ∼1 (the exact value depending on the BBH
mass). This can potentially allow to probe the merger rate
of BBHs through a significant distance range, and check
how it varies with redshift [12].
While this might provide precious information on the
evolution of the merger rate, it would be interesting to ac-
cess sources at even higher redshifts. Since compact bi-
naries are constituted of neutron stars and black holes, left-
overs of main-sequence stars, a measurement of their abun-
dance at different stages of cosmic history can potentially
tell us something about the star formation rate (SFR). This
latter is currently measured using various electromagnetic
probes (see Ref. [13] for a recent review). However, elec-
tromagnetic probes do not directly track the amount of mat-
ter being formed on a galaxy. Instead, they track the lumi-
nosity, which then is linked to the mass production through
several steps of modeling (e.g. on the initial mass func-
tion). Furthermore, dust extinction can significantly reduce
the bolometric luminosity of a galaxy, or alter the its spec-
tral content, which is a key ingredient to infer the SFR from
light. These limitations are be particularly severe at red-
shifts above 3, where also fewer data points are available
from electromagnetic observations.
Gravitational-wave probes do not suffer from these is-
sues: they cannot be altered by dust and they directly
encode information about the mass of the source. Two
proposals for third-generation (3G) ground-based detectors
are currently being pursued, which would allow to detect
BBHs at large redshifts.
The Einstein Telescope [14] (ET), is currently conceived
as being constituted by 3 10-Km long Michelson interfer-
ometers arranged to form a equilateral triangle. Unlike ex-
isting detectors, it could be built underground to minimize
seismic and Newtonian noise down to a few Hertz [15].
The Cosmic Explorer (CE) design [16] follows the same
geometry of current detectors, namely a simple L-shaped
interferometer, but with 40-Km long arms. Both the ET and
CE offer a tenfold broadband improvement in strain sensi-
tivity over current detectors. 3G instruments would thus
detect GW sources more often, louder, and farther away
than their second-generation counterparts [17].
In what follows we will focus on BBH (see Ref. [18]
for binary neutron stars). Using the local merger rate cal-
culated by the LIGO and Virgo collaborations it has been
estimated that [1− 40]× 104 BBHs merge in the universe
per year [19]. Ref. [20] has shown how BBH can be de-
tected all the way to redshift of ∼15 by networks of 3G
detectors. Since that is a significant fraction of the volume
of the universe, one would thus expect that a large fraction
of merging BBH would be detectable. Indeed, Ref. [19] es-
timates that 99.9% of the BBH mergers will be detectable
by 3G detectors.
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2In this Letter we show how, under quite generic hypothe-
ses, accessing BBHs with 3G gravitational-wave detectors,
allows for a direct inference of the SFR all the way to red-
shifts of ∼ 10.
EVENT RATES
As sources are detected in a gravitational wave detector
network, we can estimate their redshifts [20–22] and mea-
sure their detection rate in the local frame. Let Rm (z) be
the redshift rate density of mergers in the detector frame
(the number of mergers per detector time per redshift):
Rm(zm) ≡ dNm
dtddz
(1)
Inferring the shape of this function, given the uncertainty in
the observed redshift of the sources detected is a straight-
forward problem in hierarchical analysis [23–26].
The redshift rate density can be trivially written in
terms of the volumetric merger rate in the source frame,
Rm(zm),
Rm(zm) ≡ dNm
dtddz
=
dNm
dVcdtm
dtm
dtf
dVc
dz
=
1
1 + zm
dVc
dz
dNm
dVcdts
≡ 1
1 + zm
dVc
dz
Rm(zm), (2)
where in the second line the 1 + zm term arises from con-
verting source-frame time to detector-frame time.
The volumetric merger rate depends on the star forma-
tion rate and the delay between the formation of the bi-
nary black hole progenitors and their eventual merger. All
the systems that merge at a lookback time tm (or, which
is equivalent, at a redshift zm = z(tm)) are systems that
formed at zf > zm (or tf > tm). The delay time distribu-
tion, p(tm|tf , λf ), is the probability density that a system
that formed at time tf will merge at time tm. This function
may depend on an (unknown) time scale, the parameters of
the system that is merging, and possibly other parameters.
We parameterize this dependence using parameters λf .
We can write the merger rate at time tm as a function of
the black hole binary volumetric formation rate,Rf (tf ):
Rm(tm) =
∫ ∞
tm
dtfRf (tf )p(tm|tf , λf ). (3)
In practice, we implement Eq. 3 as an integral over the red-
shift:
Rm(zm) =
∫ ∞
zm
dzf
dtf
dzf
Rf (zf )p(tm|tf , λf ) (4)
Here we assume that volumetric formation rate Rf (zf )
is simply proportional to the star formation rate density at
the same redshift, ψ(z) (see, for example, Eq. (6)) [13, 27]:
Rf (zf ) ≡ dNform
dVCdtf
∝ ψ(zf ). (5)
This is a reasonable assumption, since the life-time of
massive stars that will become black holes is of the order
of tens of Myr and hence negligible when compared to the
other time-scales of interest. We do not account here for
eventual contributions to the formation rate arising from bi-
naries that do not form in galactic fields (e.g. binaries from
globular clusters or from population III stars). The methods
we use can be extended to account for multiple formation
channels; we discuss this possibility further below.
Both the formation rate and the time delay distribution
might depend on some intrinsic properties of the of the
binary being formed, e.g. the component masses. This
dependency can be included in an extension of our analy-
sis in a straightforward manner, by adding the masses and
other parameters to λf and integrating over a population in
Eq. (4). However, for this proof-of-principle study we will
assume the dependency on the intrinsic parameters can be
ignored.
In what follows we will follow two different approaches.
First, we will assume that nothing is known about the true
functional form of the SFR and the time-delay distribution.
In this case, we use a non-parameteric gaussian process al-
gorithm to directly measure the redshift rate density in the
detector frame, Eq. 1. Next, we will show that assuming
the parameterized functional form of both the star forma-
tion rate and the time-delay distribution are assumed, the
parameters on which they depend can be measured from
the GW detections.
SIMULATED SIGNALS
To demonstrate how the cosmic BBH merger rate can be
measured, we generate 15×103 synthetic BBH detections,
roughly corresponding to one month of observing time [19]
with realistic redshift uncertainty (see below) [20]. We
assume that the SFR is the Madau-Dickinson (MD) star-
formation rate [13], which can be written:
ψMD(z) = φ0
(1 + z)α
(1 + 1+z
C
)β
, (6)
with parameters α = 2.7, β = 2.9 and C = 5.6 [13].
The coefficient φ0 is chosen such that the merger rate at
z = 0 is 100 Gpc−3yr−1, consistent with the BBH rate
measured by the LIGO and Virgo collaborations. We con-
sider two different functional forms for the distribution of
time-delays between formation and merger: an exponential
function with time scale parameter τ :
p(tm|tf , τ) = 1
τ
exp
[
−(tf − tm)
τ
]
(7)
3and a distribution uniform in the logarithm of the time de-
lay:
p(log(tm − tf )) ∝
{
1 10Myr < tm − tf < 10Gyr
0 otherwise
(8)
The true redshifts of the sources under both delay assump-
tions are randomly drawn from Eq. 2, after normalizing it
to unity in the redshift range z ∈ [0, 15].
In Fig. 1 we show the redshift distribution of the simu-
lated BBH merger events using the exponential time delay
with τ = 0.1Gyr, 1Gyr, 10Gyr, and with the flat-in-log
distribution.
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FIG. 1. The merger redshift distribution of the simulated pop-
ulation of BBH. We assume a Madau-Dickinson SFR, and four
different prescriptions for the time delay between formation and
merger: an exponential time delay with e-fold time of 100Myr,
1Gyr and 10Gyr, and a uniform-in-log distribution, with a mini-
mum of 10Myr and a maximum of 10Gyr.
The redshift of detected BBH cannot be perfectly mea-
sured using GW detectors. We approximate the results of
a full analysis of a 5-detector 3G network [20] by assum-
ing that the likelihood function for the true redshift follows
a log-normal distribution conditioned on the true redshift
with known standard deviation (in the log) of σ (ztrue) =
0.02ztrue.
We do not explicitly draw mass values or calculate a
signal-to-noise ratio. As long as one works with BBH of
total mass above∼15M, all sources are detectable by 3G
networks including the CE up to redshifts were the merger
rate becomes negligible [19, 20].
Once the catalog of simulated events and the correspond-
ing redshift likelihoods have been generated, our analy-
sis proceeds hierarchically [23–26]. We assume that the
production of gravitational-wave sources is an (inhomoge-
neous) Poisson process, with rate density
dN
dzdtd
(z | λ) , (9)
depending on some parameters λ. Therefore the posterior
for the population-level parameters given (synthetic) data
for the M ' 15× 103 events, {di}Mi=1 is [25, 28, 29]
p
(
λ | {di}Mi=1
)
∝[
M∏
i=1
∫
dzi p (di | zi) dN
dzdtd
(zi | λ)
]
× exp
[
−
∫
dz dtd
dN
dzdtd
(z | λ)
]
p (λ)
'
[
M∏
i=1
1
Mi
Mi∑
j=1
dN
dzdtd
(zij | λ)
]
× exp
[
−
∫
dz dtd
dN
dzdtd
(z | λ)
]
p (λ) , (10)
where zi is the redshift of event i; p (λ) is a prior imposed
on the parameters describing the merger rate density; and
we use Mi samples, {zij}Mij=1, drawn from a density pro-
portional to the likelihood, zij ∼ p (di | zij) dzij , to ap-
proximate the marginalisation integral over zi.
RESULTS
We desire to understand how well we can expect to con-
strain the merger rate density and the time delay distribu-
tion from our synthetic data set of one month of observa-
tions.
We first consider an unmodeled approach, where nothing
is assumed about the underlying SFR function and time-
delay distribution other than that it is relatively smooth
[28]. We assume that the log of the merger rate can be
described by a piecewise-constant function over K = 30
redshift bins, {zi}Ki=1 chosen uniformly in log(1+ z) with
z ∈ [0, 15):
log
dN
dzdtd
=

n1 0 ≤ z < z1
. . .
ni zi−1 ≤ z < zi
. . .
nK zK−1 ≤ z < zK
, (11)
and we treat the per-bin merger rates, ni, as parameters,
λ, in Eq. 10. We apply a squared-exponential Gaussian-
Process prior on the ni, which has a covariance kernel of
Cov (ni, nj) = σ
2 exp
[
−1
2
(
zi−1/2 − zj−1/2
l
)2]
,
(12)
4with zi−1/2 = (zi − zi−1) /2 the midpoint of the ith red-
shift bin. We treat the variance of the ni, σ2, and the corre-
lation length in redshift space, l, as additional parameters in
the fit. The squared-exponential Gaussian Process prior en-
forces the smoothness of the merger rate on scales that are
comparable to or larger than l (which may be much larger
than the bin spacing if the data support it), and guards
against over-fitting when K is large [28].
The results for this fit are shown in Fig. 2, where for each
true synthetic population we show the median posterior
on the piecewise-constant dN/dVcdtd, together with 68%
and 95% (1- and 2-sigma) credible intervals. We see that
the unmodeled GP method pinpoints the merger rates so
precisely that all four distributions are clearly distinguish-
able; near z ∼ 2 the uncertainty in the measured merger
rate is ∼ 3%. At moderate redshifts, z < 4, the uncer-
tainties are smaller than the separation between different
populations. At larger redshifts the measurement becomes
more uncertain, and overlaps exist. This is due to a combi-
nation of two effects: from one side, fewer sources merge,
and hence are detected, at those redshifts; from the other,
the uncertainty in their measured redshift is higher. The ad-
vantage of this approach over a more rigid parameterization
of the merger rate is that it can fit any sufficiently smooth
merger rate; a disadvantage is that we learn nothing indi-
vidually about the time-delay distribution or the star for-
mation rate, since it they are completely degenerate in this
flexible model.
Next, we want to verify how well we can measure the
characteristic parameters of the SFR and time-delay distri-
bution assuming we know their functional forms.
For this analysis, we take the MD SFR and the exponen-
tial time-delay distribution as models, treating the parame-
ters α, β,C, as well as the time-delay scale τ as unknowns.
We then calculate the posterior for λMD = {α, β, C, τ}
with Eq. 10. Note that our parameterized model is incon-
sistent with the flat-in-log data-generating model no matter
what value of τ is used.
For all parameters, we use log-normal priors with un-
certainty ' 0.25 in the log, reflecting an approximation to
the uncertainty in the determination of the SFR [13]. This
uncertainty is large enough that the posterior distributions
are not truncated by the prior; even with only one month
of data we obtain meaningful constraints on the SFR pa-
rameters at the few percent level and the time delay at a
few tens of percent in all models. We place a lower bound
on the time-delay parameter τ ≥ 100Myr in order to en-
sure numerical stability in our computation of the integral
in Eq. (4). This results in some discrepancy between the fit
and the data-generating distribution for the “prompt” data
set; the prompt data is recovered in the limit τ → 0, but as
this is excluded by our prior there is a bias in the fit, partic-
ularly at high redshift where timescales of 100Myr are a
significant fraction of the age of the universe. The inferred
posterior on the merger rate redshift density is shown in
Figure 3. In Fig. 4 we show posteriors for the parameters
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FIG. 2. Posterior on the volumetric merger rate density calculated
using an unmodeled approach. The dashed lines are the true rates
under the four possible time delay distributions we consider. Full
lines give the median measurement, while the bands report the
68% and 95% credible intervals. Near z ∼ 2 the uncertainty
in the rate estimate is ∼ 3% for all models. The small system-
atic offset for the flat-in-log and prompt data sets is likely due to
a 100Myr lower limit on the delay time imposed for numerical
stability; see the corresponding discussion in the parameterized
model results.
φMD for the set of events with τ = 1Gyr.
After one month of detections in the 1Gyr scenario, the
scale factor of the time delay distribution can be measured
with relative uncertainty of 80% (90% credible interval):
τ = 1.00+0.44−0.37. The parameters of the MD SFR can also
be measured with precision of∼ 20% or better. We obtain
α = 2.60+0.24−0.18, β = 5.65
+0.16
−0.11, and C = 2.92
+0.14
−0.14. The
parameter recovery for the other scenarios is similar; but
for the flat in log scenario the systematic bias from model
mismatch is significantly larger the statistical uncertainty.
The parameter estimates obtained from all scenarios are
given in Table I.
We observe that correlations exist between some of the
parameters. In particular, τ andC show a clear correlation.
This can be understood as follows. If C increases then
the peak of the SFR moves to higher redshift; to keep the
observed merger rate fixed, this implies an increase in the
delay time.
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FIG. 3. Posterior on the merger rate density calculated from the
parameterized fits described in the text. Dashed lines show the
true merger rate distributions for our models. Solid lines give
the posterior median and dark and light bands the 68% and 95%
credible intervals. There are no values of parameters in our fitted
model that correspond to the flat in log merger rate density, lead-
ing to a systematic bias in the recovery of that curve. Similarly,
the prompt merger scenario is recovered as the merger delay time
constant, τ → 0, which we have ruled out by imposing a cut to
ensure τ ≥ 100Myr for numerical stability in evaluating the in-
tegral in Eq. (4); unlike the model-mismatch bias for the flat in
log distribution, this bias could be eliminated by a more careful
numerical treatment of the convolution integral. It is particularly
acute at high redshift, where the 100Myr lower limit represents
a significant fraction of the age of the universe.
True time-delay α β C τ
Exp. τ = 0.1Gyr 2.75+0.11−0.11 5.42
+0.12
−0.19 2.99
+0.06
−0.05 0.17
+0.12
−0.05
Exp. τ = 1.0Gyr 2.60+0.24−0.18 5.65
+0.16
−0.11 2.92
+0.14
−0.14 1.00
+0.44
−0.37
Exp. τ = 10Gyr 2.16+0.45−0.39 5.15
+0.38
−0.31 2.95
+0.11
−0.11 7.50
+3.08
−2.09
Flat Log 1.92+0.11−0.10 5.02
+0.17
−0.21 3.01
+0.09
−0.07 0.25
+0.19
−0.10
TABLE I. Median and 90% credible intervals for the posterior
of the MD and time-delay scale. The first column reports which
event set is used.
DISCUSSION AND OUTLOOK
The first two science runs of second-generation GW de-
tectors have already shown how gravitational waves can be
used to tackle astrophysical, high-energy, and cosmolog-
ical problems in ways which are complementary to more
traditional methods. Examples include measurement of the
equation of state of neutron stars [9, 30], of the local value
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FIG. 4. The posterior distribution for the time-delay timescale
and the MD SFR parameters after 15×103 detections in the 1Gyr
delay timescale scenario. Truth is indicated by blue lines. Dashed
lines indicate the symmetric posterior 90% credible interval; star
formation rate parameters are measured to few percent precision,
and the delay timescale is measured to ∼ 30%. Plot labels give
the median and the 90% credible interval for each parameter.
of the Hubble parameter [31]. Gravitational waves can also
teach us a great deal about the distribution of matter in the
universe. Mergers happened at a redshift zm are the end-
product of binaries formed at earlier redshifts. The forma-
tion rate can thus track the amount of material available to
form black holes at the formation redshift.
In this Letter we have shown how next-generation
ground-based detectors will enable using gravitational
waves from binary black hole to infer their merger rate
throughout cosmic history, even in absence any model for
the star formation history. On the other hand, if a mod-
eled template is available for the star formation rate and for
the time-delay distribution between formation and merger,
we have shown how their characteristic parameters can be
measured with just one month of data.
We have simulated four different “Universes”, assuming
the formation rate matches the Madau-Dickinson star for-
mation rate, and four different prescriptions for the delay
between formation and merger: flat in the logarithm of the
time-delay, or exponential, with e-fold time of 0.1, 1 or
10 Gyr.
The unmodeled approach yields a direct measurement of
the volumetric merger rate dN/dVcdtd. Fig 2 shows the
measurement obtained with one month of data. The four
models are clearly distinguishable, and have uncertainties
much smaller than their separation for redshifts below ∼
65. At larger redshifts, the uncertainties increase due to the
smaller number of sources, and the larger uncertainty on
their redshifts.
Including a model for the star-formation history and the
time-delay distribution dramatically increases the power
of the method, and the expense of its generality. Using
the Madau-Dickinson SFR, Eq. 6 and an exponential time-
delay distribution with unknown e-fold time τ as templates,
we have shown how all unknowns can be measured with
good precision after on month of data. The measurement
of the SFR parameters is not accurate for the universe with
flat-in-log time delays, as one would have expected given
the mismatch between the time-delay template and the ac-
tual time-delay distribution. This kind of issues can be mit-
igated using templates with more parameters. The number
of parameters will increase the computational cost of the
analysis, and the uncertainty in the measurement. How-
ever, the number of detectable BBH is in the hundreds
of thousand per year, which will compensate for the extra
complexity of the model.
In this work we have made a few simplifying assump-
tions to keep the computational cost under control. We
have neglected the dependence of the SFR and time-delay
distribution on the mass and spins of the sources. This is
not an intrinsic limitation of the method, and can be eas-
ily folded in the analysis. As these extra parameters are
accounted for, we would expect that more sources will be
required to achieve the same precision. But, as mentioned
above, in this work we have considered one month worth
of data. Many more detections will be available for these
tests, and hence compensate for the increased complexity
of the model.
Finally, while generating the simulated signals, we have
assumed that all sources come from galactic fields. There
is growing evidence that at least a fraction of BBH de-
tected by LIGO and Virgo have been formed in globular
clusters [32, 33]. These sources would show a very differ-
ent evolution with redshift, with a peak of the merger rate
at higher redshift. If black holes from population III stars
merge, they could also contribute to the total merger rate,
probably with a peak above z ∼ 10 [34, 35]. Depend-
ing on the relative abundance of mergers in these channels,
one could be able to calculate their branching ratios as a
function of redshift. This would give information which is
complementary to what can be obtained studying the mass,
spin, and eccentricity distribution of gravitational-wave de-
tections. We leave this for a future publication
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